In this paper, we perform a forecast analysis to test the capacity of future baryon acoustic oscillation (BAO) and cosmic microwave background (CMB) experiments to constrain phenomenological interacting dark energy models using the Fisher matrix formalism. We consider a Euclid-like experiment, in which BAO measurements is one of the main goals, to constrain the cosmological parameters of alternative cosmological models. Moreover, additional experimental probes can more efficiently provide information on the parameters forecast, justifying also the inclusion in the analysis of a future ground-based CMB experiment mainly designed to measure the polarization signal with high precision. In the interacting dark energy scenario, a coupling between dark matter and dark energy modifies the conservation equations such that the fluid equations for both constituents are conserved as the total energy density of the dark sector. In this context, we consider three phenomenological models which have been deeply investigated in literature over the past years. We find that the combination of both CMB and BAO information can break degeneracies among the dark sector parameters for all three models, although to different extents. We found powerful constraints on, for example, the coupling constant when comparing it with present limits for two of the models, and their future statistical 3-σ bounds could potentially exclude the null interaction for the combination of probes that is considered. However, for one of the models, the constraint on the coupling parameter does not improve the present result (achieved using a large combination of surveys), and a larger combination of probes appears to be necessary to eventually claim whether or not interaction is favored in that context.
I. INTRODUCTION
Cosmic microwave background (CMB) measurements have contributed to an unprecedented understanding of the universe at its early stages, leading us to a wellestablished and consistent picture of how the universe is today. Recent results from the Planck satellite collaboration showed that baryonic matter constitutes about 5% of all that is known, leaving about 95% of 'dark' components [1, 2] . The cold dark matter (CDM) accounts for roughly 26% of the universe, and the remaining 69% is in the form of dark energy (DE) . Considering the standard cosmological model, the DE assumes its simplest form as a cosmological constant Λ, leading to the so-called ΛCDM model. Based on general relativity, the cosmological constant viewed as a DE fluid with equation of state (EoS) w Λ = p Λ /ρ Λ = −1, where p Λ is the pressure and ρ Λ the energy density, can explain well the current accelerated expansion of the universe [3, 4] .
Despite of successfully explaining the observations, the ΛCDM model faces some difficulties [5] , especially in the dark sector. Dark matter (DM) particles have not been detected yet, and their origin, presumably beyond the standard model of particles physics, is still unknown (see, e.g., Ref. [6] and references therein). Theoretical calculations of the vacuum energy density estimate the value the interacting DE models. A lot of effort has been made to constrain and forecast parameters in alternative DE scenarios in the past years (see, for instance, Refs. [30] [31] [32] [33] ). However, for interacting DE models, only recently, Ref. [34] performed a forecast analysis of the capability of eLISA to constraint such models, finding that it can only be competitive if the onset of the deviation from ΛCDM of these models occurs relatively late in the evolutionary history of the universe. Earlier studies are outdated since they have explored the forecast of Planck-like CMB surveys alone on phenomenological interacting DE models [35] or with earlier configurations of Euclid-like experiments [36] . Others have explored the forecast for field theory implementations of coupled DE [37] . In this paper, we consider a combination of future state-of-the-art probes: the baryon acoustic oscillations (BAO) information that can be obtained from an updated Euclid-like experiment [38] and the primary CMB fluctuations from a possible future experiment like AdvACT [39] . The goal is to test their ability to constrain the phenomenological interacting DE models described in this paper and determine how their combination can help break the degeneracies between the different cosmological parameters.
The paper is organized as follows. In Sec. II, we describe the phenomenological models with which we perform the parameter forecast. Sec. III is devoted to the methodology we use to calculate the marginalized errors on the chosen parameters, followed by the results in Sec. IV. Finally, in Sec. V, we draw our conclusions.
II. THE INTERACTING DARK ENERGY MODELS
In the standard cosmological model, the energy momentum tensor for radiation, baryons, cold DM, and DE is conserved separately, i.e., for each component. Conversely, in an interacting DE model, the fluid equations for the DE and DM are not conserved individually, but the dark sector as a whole satisfies the usual energy-conservation equation. In a FriedmannRobertson-Walker universe, the conservation equations for the fluids that exchange energy are:
where H is the Hubble parameter, ρ DM and ρ DE are the energy densities for DM and DE, respectively, and
It is clear from the DM conservation equation that we assume p DM = 0, i.e., the DM EoS is that of pressureless matter (dust). Here, Q represents the interaction kernel that can be written phenomenologically as Q = 3H(ξ 1 ρ DM + ξ 2 ρ DE ), where the coupling coefficients (the constants ξ 1 and ξ 2 ) are to be determined by observations (see, e.g., Refs. [14-17, 28, 40, 41] ). The energy flow from DE to DM is defined by Q > 0, and conversely, Q < 0 defines an energy flow from DM to DE. Considering the stability of the cosmological perturbations when w DE is kept constant, two choices can be made [42] : first, one can take ξ 1 = 0 and ξ 2 = 0, together with a constant DE EoS within the range −1 < w DE < −1/3 (dubbed model 1) or w DE < −1 (model 2); second, one can take ξ 2 = 0 and ξ 1 = 0 with w DE < −1, defining our third considered model (for a summary, see Table I ). For all three models, the other components follow the standard conservation equations. For a review of the topic, we refer to Refs. [16, 43] . 
When one allows for an energy flow between DE and DM, the energy densities present a different evolution for each model. The presence of this change in the redshift dependency leads to an effective EoS for DM and for DE, which depends on the form of the interaction. For models 1 and 2, the energy densities for DM and DE are given by (see Ref. [41] )
and the effective equations of state are
with r ≡ ρ DM /ρ DE . For model 3, the evolution of the energy densities follows
In both cases, the baryon energy density (ρ b ) is given by the standard expression, i.e., it is proportional to (1+z) 3 . Note that the quantities measured today are identified by the superscript 0. For example, using the definition of the cold DM density parameter today, Ω c ≡ ρ 0 DM /ρ crit , where ρ crit ≡ 3H 2 0 /(8πG) is the critical density of the universe, one has
where we use the same notation as in Ref. [1] with h defined such that H 0 = 100 h km s −1 Mpc −1 , and where H 0 and ω c ≡ h
2 Ω c are the Hubble parameter and the physical density of cold DM today.
Since DM and DE are currently only measured gravitationally and since gravity only probes the total energy momentum tensor, degeneracies in the cosmological parameters are inevitable. As it is already known in the literature (see, e.g., Refs. [14, 44, 45] ), and as we can see in the expressions for the energy densities of the coupled dark components, there is a degeneracy between w DE and Ω c . At the background level, the fact that only the total energy momentum can be measured also leads to a degeneracy between the coupling constant and w DE , as we can see in the effective DE EoS for models 1 ρ DM ). In that case, the DE EoS and the interacting constant can be measured independently using the background evolution [14] .
To be able to compare theoretical predictions from the different phenomenological models with experiments, the cosmological perturbations for these models have been calculated in Ref. [14] . In this reference, the linear perturbations are calculated by perturbing the FriedmannLemaître-Robertson-Walker spacetime and the energymomentum tensor of the coupled DM-DE fluid. First, the background interaction four-vector is given by Q 
The ± sign refers to DM or DE respectively; δQ p(λ) is the potential of the perturbed energy-momentum transfer δQ
is the external non-gravitational force density; and v t is the average velocity of the energy transfer. Since we have a stationary energy transfer, we only consider inertial drag effects, so Q I p(λ) t and v t vanish, which implies that δQ i (λ) = 0. One can then evaluate the linear order perturbation equations for DM and DE (we refer to Ref. [14] for more details; see also Ref. [46] for another study of the perturbations in this context).
With the perturbations, one can then compute the CMB temperature angular power spectrum (C T T ) and the matter power spectrum (P matter (k)). The corresponding spectra are shown for different values of the coupling constant for each of the models described in Table I ate the growth rate (f (z)) and the root mean square of matter fluctuations today at a characteristic length scale of 8 Mpc/h (σ 8 (z)) in order to illustrate how the interaction affects the growth of structure. This is shown in Fig. 4 . The plots are generated using a modified version of the CAMB software package [47] , which incorporates the physics of interacting DE. Moreover, the cosmological parameters (excluding the values for the coupling constants ξ 2 and ξ 1 for the power spectra) are assumed to take the fiducial values given in Sec. III, see Table III for Fig. 1 , Table IV for Fig. 2 , and Table V for Fig. 3 .
As noted in Ref. [14] , changes in the DE EoS mainly influence the low-angular power spectrum and can shift the overall amplitude of the matter power spectrum slightly. For this reason, we only show the changes caused by varying the coupling constant in the power spectra. From the plots, we see that interacting DE can have effects that are degenerate with changing the DE EoS, but these degeneracies can be broken by including all the information from both the CMB angular power spectrum and the matter power spectrum today. Indeed, interacting DE generally changes the size of the CMB acoustic peaks and it affect the amplitude of P matter only at large k, which can hardly be mimicked by a different EoS. Generally, we can see that for large couplings (ξ 1,2 = 0.1), the changes in the acoustic peaks of the power spectra compared to wCDM (ξ 1,2 = 0) are very pronounced, so large couplings can be easily ruled out by observations. However, in general, small couplings introduce more subtle changes that are harder to be distinguished, and from previous analyzes, small couplings are preferred by the observations [15] [16] [17] [18] [19] [20] [21] [22] [23] [24] [25] [26] [27] [28] , although with small signifi- cance. Although subtle, these changes behave differently depending on the model chosen, so it is important to understand how each model affects the power spectra. For model 1, let us first note that the interacting constant must be negative [17] . This means that there is an energy flow from DM to DE and that the DM energy density is higher in the past compared to ΛCDM. As we can see in Fig. 1 , having more DM in the past leads to an overall suppression of the angular power spectrum together with a small change in the low-behaviour. This extra amount of DM influences the evolution of matter perturbations, leading to more structure formation, as it can be seen in Fig. 4 . The growth rate is always higher than in ΛCDM, especially at low redshifts when DE starts to dominate at which point these effects become more pronounced. This also affects σ 8 (z) at low-redshifts. As a The orange curve represents ΛCDM with Planck-like fiducial values for the cosmological parameters (see Ref. [2] ). For models 1, 2, and 3 (green, red, and blue curves, respectively), the fiducial values were taken following the best fit values of Ref. [17] , also shown in Tables III to V of our manuscript. result, there is an enhancement in the amplitude of the matter power spectrum, mainly on scales smaller than the turn-around point due to the fact that the matterradiation equality happened earlier in the evolution of the universe, thus decreasing the amount of damping of the small-scale modes during radiation domination.
For models 2 and 3 (see Figs. 2 and 3 ), one has a positive coupling constant, meaning that there is less DM in the past in comparison with ΛCDM, as DE gets converted into DM as time evolves. This leads to an enhancement of the overall amplitude of the peaks in the angular power spectrum caused by shallower DM gravitational potentials, leading to the elimination of baryon loading. This affects the evolution of the matter perturbations, which can be seen by a slightly smaller growth rate, for model 2 (see Fig. 4 ). This change is very subtle for model 3, since the density of DM does not depend so strongly on the energy density of DE, but its deviation from the standard dust behaviour depends mainly on the interaction [14] . The effect on the matter power spectrum is a change in the turn-around position, caused by the matter-radiation equality being shifted to lower redshifts in comparison to ΛCDM, which in turn leads to damping on small scales. Model 3 presents a more pronounced effect for a large coupling, as we can see in Fig. 3 . This choice of large coupling is not realistic and excluded by observations, but it serves to illustrate the effects that the interaction has in the power spectrum and the possible degeneracy between the coupling and Ω c .
As we saw above, changes in the power spectra from the interaction between DM and DE can be mimicked by changing ω c or by a different EoS of DE, showing again the degeneracy between the coupling constant, ω c , and the EoS of DE. In order to measure a small coupling between DM and DE and to improve the constraints on the cosmological parameters, we need future generations of cosmological observations and complementary observations that can break the degeneracy between the interacting DE parameters and the DM energy density. Different observations probe DE and other cosmological parameters in different ways. For this reason, in what follows, we explore the combination of CMB and BAO observations as a mean to break degeneracies. We will show that some of those degeneracies can indeed be broken by combining CMB and BAO measurements, but to fully break the degeneracies, growth of structure measurements like weak lensing and galaxy clustering (that would measure, e.g., f σ 8 as shown in Fig. 4) should be included. We keep this for follow-up work. For a first theoretical analysis of the growth of structures in interacting DE models, see Refs. [25, 48] . The baryon acoustic oscillation (BAO) is an important observable currently used to constrain the cosmological parameters more efficiently in combination with other probes such as the CMB. The information stored in the BAO peaks present in the matter power spectrum can be used to determine the Hubble parameter H(z) and the angular diameter distance D A (z) as a function of the redshift, which subsequently allows us to calculate the DE parameters. Let us first define the observed power spectrum in redshift space using a particular reference cosmology (in our case, ΛCDM), which differs from the true cosmology (for details about this methodology, see Ref. [49] ), as follows,
where P shot is the unknown Poisson shot noise. The Hubble parameter H(z) and angular diameter distance 
hence it depends on the evolution of the Hubble parameter. We can write H(z) as a function of the DE and DM parameters, knowing that it is related to the DE and DM densities through the Friedmann equation,
where the evolution of the different energy densities depend on the model chosen as seen in Sec. II [cf. Eqs. (2) and (4)].
The wavenumbers across and along the line of sight in the true cosmology are denoted by k ⊥ and k , and they are related to the ones in the reference cosmology by k
The galaxy power spectrum, P g , can be written as follows:
In the equation above, we defined µ ≡ k ·r/k, wherer is the unit vector along the line of sight. The exponential damping factor is due to redshift uncertainties (σ z ), where σ r ≡ cσ z /H(z). Also, G(z), β(z), and b(z) are the growth function, the linear redshift space distortion parameter, and the linear galaxy bias, respectively, which are related through the definition β(z) ≡ f /b(z). The linear matter power spectrum, P matter, z=0 (k), as well as the growth rate, f , are generated using a modified version of CAMB to account for the physics of interacting DE. The effect of the interaction in these models was described in the previous section.
The above provides the necessary information to perform a Fisher matrix forecast for future BAO experiments. The Fisher matrix formalism has become the standard method for predicting the precision with which various cosmological parameters can be extracted from future data. The advantage of it relies on the fact that it is a fast approach and generally returns accurate estimates for the parameter errors from the derivatives of the observables with respect to the model parameters around the best fit value. We note, though, that it is not always justified to use the Fisher matrix approach as opposed to a Monte Carlo Markov Chain (MCMC) posterior likelihood estimation method (see, e.g., Ref. [50] ). This is especially true when one does not know whether the cosmological parameters of the given theoretical model will be Gaussian or not for a given set of cosmological data. This is why older studies have preferred an MCMC approach [35, 36] , but these papers have shown that the estimated likelihood contours for cosmological parameters of phenomenological interacting DE could be wellapproximated by Gaussian ellipses. Furthermore, many MCMC analyzes with current data have shown similar Gaussian-like likelihood curves. Hence, we believe that the Fisher matrix approach is well justified in this case, though we must keep in mind that the constraints found are probably lower bounds on the marginalized errors (i.e., it is the best-case scenario).
For the matter power spectrum obtained from galaxy surveys, the Fisher matrix is given by (see Ref. [51] )
where p i and p j are elements of the set of parameters for the given cosmological model. The effective volume of the survey, V eff , can be written, for a constant comoving number density (n), as
In this paper, we present the expected cosmological implications of the BAO measurements for a Euclid-like survey (for specifications of the Euclid survey, see, for example, Ref. [38] and references therein). We assume an area of 15 000 deg 2 , a redshift accuracy of σ z /(1 + z) = 0.001, and a redshift range 0.5 ≤ z ≤ 2.1.
We then take 15 redshift bins of width ∆z = 0.1 centered on z i . The set of parameters of interest to obtain constraints on the dark sector is
For a given redshift slice, the parameters H(z i ), D A (z i ), G(z i ), β(z i ), and P i shot are estimated simultaneously with ω b , ω c , and h and according to the assumed fiducial values of a set of cosmological parameters for each considered model. The total number of parameters is 5N + 3 for a BAO survey divided in N redshift bins. The derivatives of the observable P g with respect to the model parameters in Eq. (12) are then evaluated at the fiducial values, which we take to be the best-fit values of Ref. [17] for each considered interacting DE model. Finally, we must derive the errors on H(z) and D A (z) to later propagate them into the desired dark sector parameters for the interacting DE models.
After marginalizing the Fisher matrix defined above over G(z i ), β(z i ), and P i shot , a sub-matrix is then calculated as follows,
where p α , p β ∈ P \ {G(z i ), β(z i ), P i shot } and q m , q n ∈ Q, the latter being the final set of parameters defined as Q = {ω b , ω c , h, w DE , ξ 2 } for models 1 and 2 and Q = {ω b , ω c , h, w DE , ξ 1 } for model 3.
The constraints on the dark sector parameters are then determined by how well the survey is able to estimate the values of H(z) and D A (z).
B. Information from CMB
In the context of cosmological parameters forecast, we use the CMB information as a second probe to test the ability of future surveys to constrain a possible interaction in the dark sector and possibly to distinguish between the different interacting models described previously and the ΛCDM model. We use the modified CAMB software package [47] to generate the numerical power spectra (C T T , C EE , C T E ) for our cosmological models with ≤ 3000. We do not consider primordial B-modes (i.e., we assume a vanishing primordial tensor power spectrum) or CMB lensing in the analysis. The latter is justified by the fact that the HALOFIT [52] non-linear implementation present in CAMB has only been tested against N-body simulations for ΛCDM cosmologies and the non-linear structure evolution starts to affect the lensing signal already at > 400 (see Ref. [53] for studies of CMB lensing and of the non-linear regime in coupled DE cosmologies). We then construct the Fisher matrix for the CMB temperature anisotropy and polarization as follows (see Ref. [54] ),
where C X represents the power in the -th multipole, and where X stands for T T (temperature), EE (E-mode polarization), and T E (temperature and E-mode polarization cross-correlation). The covariance matrix is given by
and the elements of the matrix are given in Appendix A. In the near future, CMB surveys will continue to improve, especially ground-based instruments designed to measure polarization. The Advanced Atacama Cosmology telescope (AdvACT) [39] is expected to obtain precise measurements of the CMB small-scale polarization, enabling us to tackle a wide range of cosmological physics. In particular, it will tighten the constraints on the cosmological parameters of alternative models to ΛCDM. The instrumental setup of AdvACT is outlined in Table II . This is the information that we incorporate in our Fisher matrix analysis to obtain the CMB forecast (see Appendix A for details about how noise is handled).
IV. RESULTS AND DISCUSSION
Following the methodology described in the previous section, we compute the Fisher matrices for the three interacting DE models presented in Sec. II considering a Euclid-like future BAO survey and an AdvACT-like future CMB experiment. We also consider the combination of BAO and CMB future measurements. Assuming that the probes are uncorrelated, one can add the Fisher matrices as follows [55] We first show the result for model 1 in Table III , where the different columns represent the cosmological parameter, its fiducial value, and the 68% confidence level (C. L.) constraints that would result from AdvACT, Euclid, and the combination of AdvACT and Euclid, respectively. We notice that the marginalized error for the DE EoS improves drastically for the combined analysis, being σ(w DE ) = 0.026 for Euclid, σ(w DE ) = 0.028 for AdvACT, and σ(w DE ) = 0.0044 for their combination: an improvement by a factor of ∼ 6 when compared with each individual probe. The constraint on the DM density improves by a factor of ∼ 3 for the combined analysis (σ(ω c ) = 0.00053), compared with Euclid alone (σ(ω c ) = 0.0017). A similar improvement occurs for the coupling constant, where we find σ(ξ 2 ) = 0.0037 for Euclid alone and σ(ξ 2 ) = 0.0019 for AdvACT + Euclid. Such a stringent constraint would exclude the null interaction corresponding to wCDM with high confidence given that the contours from global fits would be centered on values close to the fiducial values used in this analysis. Table III for numerical values. Present constraints on ω c , w DE , and ξ 2 for a combination of probes (Planck+BAO+SNIa+H0; see Ref. [17] ) are found to be ω c = 0.0792 −0.0506 . The fact that our forecast suggests that future surveys will greatly improve these constraints can be seen from the confidence regions of cosmological parameters related to the dark sector. In Fig. 5 , we plot the marginalized confidence ellipses at 1 σ and 3 σ for the combinations of ω c , ξ 2 , and w DE for AdvACT (red), Euclid (blue), and AdvACT + Euclid (green) for model 1. The constraints on the cosmological parameters are affected by the degeneracies present among them. In order to assess these degeneracies and to see how introducing new observations like BAO from Euclid can affect them, we introduce the correlation matrix ρ ij , which measures the correlation between two parameters p i and p j . It is given by
where Cov ≡ F −1 , and F is either the CMB, BAO, or total Fisher matrix. The correlation coefficient for i = j ranges from 0 (the two parameters are completely independent) to ±1 (the parameters are completely (anti-)correlated). The correlation matrix is depicted in Fig. 6 for model 1 where white, dark magenta, and dark green are equivalent to ρ ij = 0, −1, and 1, respectively.
For model 1, when only CMB information is provided, the dark sector parameters and ω c are very (anti-)correlated as pointed in Sec. II, which can be seen by visual inspection of Fig. 5 . We can see that the correlation between w DE and ξ 2 is 0.8 (in absolute value) and it is very large (≈ 1) between ω c and ξ 2 as well (see Fig. 6 ). These degeneracies are considerably weakened The convention used to denote the various cases is described in Fig. 5 . See also Table IV for numerical values. when BAO information is added. For instance, the correlations between ω c and ξ 2 and between ω c and w DE are reduced to ≈ −0.026 and ≈ −0.059, respectively, for the combined forecast (AdvACT + Euclid). The correlation between w DE and ξ 2 changes sign in comparison with CMB alone, and the level of degeneracy between these parameters is only mildly alleviated. This happens since the degeneracy is present between the three parameters w DE , ξ 2 and ω c , and BAO only helps constraining one of them, leaving some degeneracy among the other two (or combinations of such parameters). In summary, these results show that BAO has the power to break some degeneracies, as we can see by the tighter constraints and the milder correlations encountered, although there remains some degeneracies among parameters.
Similar results are found for model 2 as it can be seen in Table IV and Figs. 7 and 8. The combined forecast leads to stringent constraints on ω c , w DE , and ξ 2 , the latter being σ(ξ 2 ) = 0.00310. It was claimed by Ref. [18] that an energy flow from DE to DM (ξ 2 > 0), resulting in a non-zero coupling between the two dark components where DE decays into DM, is in better agreement with present cosmological data. A vanishing interaction is also excluded by Ref. [17] with ξ 2 = 0.02047
(the errors are given at 68% C. L.). The future combination of AdvACT and Euclid-like surveys would be able to improve this constraint by a factor of ∼ 2, hence one could potentially distinguish the interacting DE model from wCDM (and equivalently from ΛCDM) by more Fisher forecast contours for model 3. The convention used to denote the various cases is described in Fig. 5 . See also Table V for numerical values. than 3 σ (and possibly even more than 5 σ). Of course, a proper statistical analysis would have to be done in order to really assess which model is preferred by the data. From the correlation matrix (Fig. 8) , we can see, like in the previous case for model 1, that all the correlations become milder for the combined analysis, and this happens for all the degenerate parameters w DE , ξ 2 , and ω c almost equally. This might be the case since, as phantom DE can mimic changes in ω c , BAO can only break the degeneracy between a combination of these parameters (not all of them) as was the case for model 1.
Confidence ellipses are shown in Fig. 9 for model 3, where we see in the middle and right-hand plots (as well as in Table V ) that CMB plays an important role in constraining ξ 1 , revealing that the interaction between DE and DM is already well constrained by CMB data before the inclusion of information about H(z) evolution. We can also see that for CMB alone in Fig. 10 (see the lefthand plot), the correlations are milder than for models 1 and 2. This agrees with the fact that for model 3, w DE and ξ 1 are not degenerate at present times. In this case though, it appears that BAO does not help a lot to break remaining degeneracies. Indeed, all three combinations of parameters indicate a large correlation (|ρ| 0.89) when combining CMB and BAO probes.
The significance of the constraint on ξ 1 is already low at the current observational stage: Ref. [17] found ξ 1 = 0.0007127
−0.000633 (68% C. L.) when considering a combination of probes (Planck, SNIa, BAO, and H 0 data). Our forecast indicates that AdvACT + Euclid would yield σ(ξ 1 ) = 0.00046 (see Table V ), which would not improve the current best constraint much. However, one must be careful in doing this comparison because the current best constraint includes information from many other probes such as local measurements of the Hubble constant today and supernova data, which were not included in the forecast done here. For the model 3, it thus appears that a combination of other probes would still be needed in order to tighten the present limits.
V. SUMMARY AND CONCLUSIONS
We focused our study on phenomenological interacting DE models and investigated the impact of two probes on the parameter constraints of such models, specifically the primary CMB temperature and polarization spectrum and the BAO information from a redshift range of 0.5 ≤ z ≤ 2.1. The advantages of combining different observational probes in constraining cosmological parameters are well known, and its implication to interacting DE models has been widely addressed. Our motivation was to test the ability of future experiments to constraint such alternative scenarios and distinguish them from models in which there is no interaction in the dark sector.
For models 1 and 2 where the interaction is proportional to the DE energy density, stringent constraints were found in the dark sector parameters for the combined probes, especially for the coupling constant. Specifically, with the choice of fiducial values ξ 2 = −0.0929 (model 1) and ξ 2 = 0.03798 (model 2), we predicted 1-σ marginalized errors of at best σ(ξ 2 ) = 0.0019 (model 1) and σ(ξ 2 ) = 0.00310 (model 2). Thus, the combination of future CMB and BAO experiments, such as presented here, would probably be able to exclude the null interaction (corresponding to the wCDM model) with a confidence level much greater than 3 σ, although it is important to stress again that a proper statistical analysis will have to be done in order to really assess which model is preferred by the data. We also showed that the interacting DE models 1 and 2 are affected by degeneracies, which limits the constraining power of CMB information alone, but that they can be broken by the addition of Euclid-like BAO measurements, thus tightening the constraints on the dark sector cosmological parameters and enabling a deeper discussion of these interacting DE scenarios.
We found that the constraint on the coupling constant for model 3 (where interaction is proportional to the DM energy density) is not improved as much by the combination of future CMB and BAO experiments compared with its constraint derived by present datasets. It thus appears that extra information is still necessary for probing this model, and one could consider introducing the CMB lensing power spectra (possibly including higher order corrections [56] ) and/or the convergence power spectrum from weak cosmic shear. We leave this investigation for future work.
We end by mentioning that future investigations of interacting DE could also benefit from yet more cosmological probes such as the redshift dependence of the Alcock-Paczyński effect [57] , cosmic chronometers (see, e.g., Refs. [24, 58] and references therein), 21 cm cosmology (see, e.g., Refs. [59, 60] and references therein), gravitational waves [31, 34] , and more. These examples of probes may be able to remove even more degeneracies and improve the constraints to another level and shall be considered in future work. In this appendix, we write down explicitly the elements of the CMB covariant matrix given in Eq. (16):
In these equations, we defined C X ≡ C X + N X , where N T T and N P P are the Gaussian random detector noises for temperature and polarization, respectively. One can express the random noises as follow,
where the sums are over the frequencies (ν) of the detector (see Table II for AdvACT). The window function is given by
and the inverse square of the detector noise level for temperature and polarization determines the weight given to each considered experiment channel (i.e., for each frequency ν) [61] :
where polarization sensitivities are rescaled by a factor of √ 2 with respect to the temperature sensitivities, i.e., σ P (ν) = √ 2σ T (ν).
